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OF G R O U N D  W A T E R S  

The p rob lem of va r i a t ion  in the level  of ground w a t e r s  between two ve r t i c a l  channels is 
examined,  taking into account  the evaporat ion,  which is nonlinearly dependent on the level  
of the ground w a t e r s .  The p rob lem is reduced  to integrat ion of a diffusion equation with 
a r igh t -hand  side which is nonl inearly dependent on the unknown function and is solved 
by a method of success ive  approximat ions .  When a cer ta in  inequality is achieved,  which 
depends on the magni tudes enter ing the conditions of the p rob lem,  the method of success ive  
approx imat ions  converges .  

We will examine  a p rob lem of va r i a t ion  in the level  of ground wa t e r s  between two ve r t i c a l  channels ,  
which a r e  at  a dis tance L f r o m  each other ,  taking evapora t ion  into account.  We will suppose that the in-  
tensi ty  of evapora t ion  of af(h)  is a given nonlinear  function which is continuous with its der iva t ive .  Wewil l  
a lso  cons ider  that  at the initial momen t  of t ime  the wa te r  leve ls  in the channels suddenly b e c o m e  equal to 
H i and H 2. 

This  p rob l em  is r educed  to integrat ion of the diffusion equation with the nonlinear  r igh t -hand  pa r t  

Oh-"~a20"h ( ~ - )  
o-T ~ + / (h) a ~ = (1) 

boundary conditions 

and the initial condition 

h(0,  t ) - -H1 ,  h(L, t)~---H~ (2) 

h (x, 0) = H0, (0 < x <  L) (3) 

Here  h is the level  of the ground wa t e r s ,  a is the inadequacy of sa tura t ion  or wa t e r  del ivery ,  H .  is 
the ave rage  depth of the ground flow, and ~ i s  the f i l t ra t ion coefficient .  

For  a pa r t i cu l a r  f o r m  of the func t ionf (h)  the p rob l em descr ibed  by Eqs. (1)-(3) is examined  in [1]. 

Hence it is a s s u m e d  that  the func t ionf (h)  is constant  or  depends l inear ly  on the difference h -h  0 if 
h>h0, where  h 0 is a ce r ta in  c r i t i ca l  level  of ground wa te r s ,  and if the ground w a t e r s  occur  sufficiently deeply 
(h < h0) , then f (h )  --- 0 (this can be neglected with evaporat ion) .  

We will  a s s um e  below that the level  of the ground w a t e r s  exceeds  the c r i t i ca l  level  h 0 (h > h0). 

Le t  h 0 (x) be the s t eady - s t a t e  solution of Eq. (1) with boundary conditions (2), i .e. ,  the solution of the 
p rob lem 

a~ a~h0 
"-k [(ho) = 0, ho(0) = H1, he(L) = Ha (4) 
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It is ea s i ly  seen  tha t  the funct ion h 0 (x) is d e t e r m i n e d  by the r e l a t ion  

i i ) e .  J ( u ) =  a 
x = +_ V ~ - ] ( " )  "~r u)dv (5) 

H,  H, 

w h e r e  o is the r o o t  of  the equat ion 

H, 

L =  + gc--Y (u) (6) 
H, 

Introducing a new function z for h(x, t): 

h (x, t) = h0 (~) + z (x, t) (7) 

on cons ide r ing  (4), we r e d u c e  the p r o b l e m  (1) to (3) to the fol lowing p r o b l e m  in the s a m e  r eg ion  0 < x < L :  

Oz 20~z  + 
- -gK=a ~ i [ h o ( x ) + z l - - / [ h o ( x ) ]  (8) 

z(O, t)---~z(L, t)--~O, z(x,  O)----H 0 - h  o(x) (9) 

The solut ion of this  p r o b l e m  will  be sought  by a method  of  s u c c e s s i v e  app rox ima t ions .  

The fol lowing inequa l i t i es  a r e  e s t ab l i shed :  

l/(u) I~<M, l ] ' (u )  l < M  (10) 

We d e m o n s t r a t e  the c o n v e r g e n c e  of  the method  of s u c c e s s i v e  app rox ima t ions  in the c a s e  of 

2 / 3 M L a  / a 2 = q < t ( 1 1 )  

Designat ing  for  b rev i ty  

(P (z, x) ---- ] [h 0 (x) + z] - -  ] [ho (x)], f~ (x) = H 0 - -  h o (x) (12) 

we examine  the s u c c e s s i o n  of the a pp rox i m a t ions  Zn(X , t) d e t e r m i n e d  on cons ide r i ng  (8) and (9) by the r e -  
la t ionships  

OZn+l. ~ a 2 ~ at ' ~ -]- 0 (z n, x) ,  z,~+l (0, t) -- z.+ 1 (L, t) = 0 
z .+l(x ,  O) = ~2 (x) (13) 

We will find the solution of the linear problem (13) in the form of the summation 

zn+x = u + vn+l (14) 

Here  u is the solut ion of the diffusion equat ion 

Ou _ 2a~u u(O, t)----- u(L, t) = 0 (15) 
o--/---a ~ ,  u(x, 0 ) = ~ ( x )  

and vn+~ 1 is the solut ion of the inhomogeneous  equat ion with the homogeneous  boundary  and init ial  condi t ions  

a,,,.,.~ = ~ 0~+  1 -L co (z~, x) v~+1 (0, t) = v.+1 (L, t) = 0 
at - Ox2 - -  v .+l(x ,  O ) = O  

We will  look fo r  the solut ion u of Eq. (15) wi th  boundary  condi t ions  in the f o r m  

~ ~2a~k~t ~ k x  
u ---- C~ exp - - - / r  sin" L 

k=1 

Here  the coef f ic ien ts  Ck a r e  d e t e r m i n e d  f r o m  the init ial  condi t ion (15). We obtain 

L 
2 sin ~ dx (x) 

o 

Tim funct ion Vn+ I wil l  be sought  in the f o r m  of the s e r i e s  

- -  n2a~k2t akx 
v.+1= D~(")(t) e x p ~  sm ' L 

(16) 

(17) 

(18) 

(19) 
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t ia l  
It is seen from this formula that the boundary conditions (16) are satisfied. 

conditions (16) that the unknown functions Dk(n) (t) must fulfill the conditions 

Dkt")(O)=O ( k =  i ,  2 . . . . .  n ~ O ,  l ,  2, ...) 

We wi l l  expand  the funct ion ~ (Zn, x) into the  F o u r i e r  s ine  s e r i e s  
co L 

�9 ~ky 2 ~O[z~(y,  t), y] sm---~-dy 
k~1 0 

It fo l lows f r o m  the ini- 

(20) 

(2t) 

Subst i tu t ing  into Eq .  (16) the s e r i e s  (19) and  (2 i ) ,  we  obta in  

dD~ n) 
dt = I~ ~ , (~ )exp - -  U -  (k = i ,  2 . . . . .  n = 0, t ,  2 . . . .  ) (22) 

I n t e g r a t i n g  Eq.  (22) and  taking into accoun t  the condi t ion (20), we f ind  

t 

D~(~) (t) = f I~(~) (3) exp s a'~" (23) 
o 

Now, substituting Eq. (23) in Eq. (19) and taking the expression (21) into account for fk  (n) (t), we find 
the final equation for determining the function V(n + t) (x, t}: 

tL  

Vn. l (X  , t) ~- --L2 ~ cI)[z~(y, ~), y] exp ------Z~ .......... .m--y-s in--~-aya~ (24) 
)o 

I t  i s  e a s y  to s ee  tha t  the s e r i e s  (24) c o n v e r g e s  u n i f o r m l y  (i ts  g e n e r a l  t e r m  does  not  e x c e e d  the m a g -  
ni tude 4ML2/Tr2a2k2). 

A s s u m i n g  tha t  the n t h - a p p r o x i m a t i o n  z n (x, t) is  known, (n + 1) th a p p r o x i m a t i o n  wil l  be d e t e r m i n e d  by 
Eqs .  (14), (17), (18), and (24) us ing  the des igna t ions  (12). 

We wil l  d e m o n s t r a t e  that  al l  the a p p r o x i m a t i o n s  v n (x, t) a r e  l i m i t e d  by  the s a m e  cons tan t .  

On c o n s i d e r i n g  (10), the inequal i ty  fo l lows f r o m  (24) (tile r a n g e  of the cont inuous  funct ions  C is  e x -  
amined) :  

~v~§ q =  ~,~, s =  (25) 

As i s  a l r e a d y  known [2], the  s u m  S=(1/6)~r 2. Consequen t ly  (11) r e s u l t s  f r o m  Eq.  (25). 

We wi l l  d e m o n s t r a t e  the c o n v e r g e n c e  of the me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s  in the c a s e  q<  1. 

F o r  the d i f f e rence  of two consequen t  a p p r o x i m a t i o n s ,  we obtain f r o m  (24) the fol lowing e x p r e s s i o n :  

oa  t L  

• exp L~ sin --L-- sin dy dr 

A c c o r d i n g  to  the m e a n  va lue  t h e o r e m ,  

@ [z~ (y, ~), Yl - -  (I) [z~_, (y, ~), Yl = (I)0' [0, y] (z~ (it, ~) - -  z,-1 (y, ~)) 

w h e r e  0 i s  s i t ua t ed  be tween  Zn_ 1 and z n. 
f ind 

(26) 

(27) 

From (27), (26), and (i0) and also using (14), we consequently 

F r o m  (28) i t  is  s een  tha t  in the ca se  q< t ,  the s e r i e s  c o n v e r g e s  u n i f o r m l y .  The  eva lua t ion  

il vn~l - -  vn[[~ qn[]vl- roll, lizn+l- zui i ~. q~i[zl -- Zo~ (29) 

fol lows f r o m  the inequa l i t i e s  (28). 

ship 
The level of the ground waters h (x, t) is determined on considering (7), (14), and (24) by the relation- 
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h (x, t) -- h9 (z) + u (x, t) + l imv,  (x, t) (30) 

where  u (x, t) is given by the re la t ionships  (17) and (18) and Vn+ 1 (x, t) is given by Eq. (24). 

It is easi ly  seen that if the intensity of evaporat ion is a constant magnitude f ( h ) = -  ~, then the depth 
of the ground flow h (x, t) is r ep r e sen t ed  by the following express ion:  

h (x, t) = ho (x) + a~ exp ~ sin L 

= 2 ( H ~ H I  :aL)x -l- H1 (31) ho (x) = ~ x  + 2a" 
k ~ i 

2 [Ho--H~+(--i)~(H~--Ho) ~ [ i - ( - t )  ~1 } 
a~ = --d-i T + - ~ -  ks 

Now l e t f ( h )  = -/~h (the intensity of evaporat ion is a l inear  function of the depth of the ground flow, 
calculated f rom the bottom of the r e s e r v o i r ) .  

Using the Eqs.  (17), (24), (5), (12), and (18) and approaching the l imit  in Eq. (30)5 we find the 
re la t ionship  between the level  of ground wa te r s  and x and t : 

~=1 --~--] ~ Z .... 

Hl sh L (L - -  x) q- H~ sh ~,z (L . . . . . .  (32) ho(z) = sh~L V-~) 

2 / 
+ u2a~k~l L~ . 

The di rec t  integrat ion of Eq. (1), in wh ich f (h )  = - f lh ,  with boundary conditions (2) and the initial con- 
dition (3) leads to the same resu l t  (32),which is known in the theory of f i l t rat ion.  

L I T E R A T U R E  C I T E D  

1. N . N .  Kochina, "A solution of the diffusion equation with a nonlinear r ight-hand par t , "  Zh. Pr ik l .  
Mekhan. i Tekh.  Fiz . ,  No. 4 (1969). 

2. I . S .  Gradshtein and I. M. Ryzhik, Tables  of Integrals ,  Sums, Ser ies ,  and Products  [in Russian],  F iz -  
matgiz,  Moscow (1962). 

614 


